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ON THE NON–EXISTENCE OF SHARPLY
TRANSITIVE SETS OF PERMUTATIONS IN CERTAIN
FINITE PERMUTATION GROUPS
PETER MU¨LLER AND GA´BOR P. NAGY
Abstract. In this short note we present a simple combinatorial
trick which can be effectively applied to show the non-existence of
sharply transitive sets of permutations in certain finite permutation
groups.
1. Introduction
A permutation code (or array) of length n and distance d is a set S of
permutations of some fixed set Ω of n symbols such that the Hamming
distance between each distinct x, y ∈ S is at least d, see [3]. By ele-
mentary counting, one has |S| ≤ n(n−1) · · · d and equality holds if and
only if S for any two tuples (x1, . . . , xn−d+1), (y1, . . . , yn−d+1) of distinct
symbols, there is a unique element s ∈ S with xs1 = y1, . . . , x
s
n−d+1 =
yn−d+1. Such sets of permutations are called sharply t-transitive, where
t = n − d + 1. It is well known that sharply 1- and 2-transitive sets
of permutations correspond to Latin squares and affine planes, respec-
tively [2].
In general, there are very few results on permutation codes and there
is a large gap between the lower and upper estimates for |S|; see [9],
[8]. Most of the known constructions are related to multiply transitive
permutation groups. In the 1970’s, P. Lorimer started the systematic
investigation of the question of existence of sharply 2-transitive sets in
finite 2-transitive permutation groups. This program was continued by
Th. Grundho¨fer, M. E. O’Nan, P. Mu¨ller, see [6] and the references
therein. Some of the 2-transitive permutation groups needed rather
elaborated methods from character theory in order to show that they
do not contain sharply 2-transitive sets of permutations.
In this paper, we present some simple combinatorial methods which
are useful to exclude the existence of sharply 1- and 2-transitive sets
of permutations in given finite permutation groups.
Notice that if S is a sharply t-transitive set of permutations on Ω,
then it is also a sharply 1-transitive set of permutations on the set Ω(t)
of t-arrangements of Ω. In other words, the t-transitive permutation
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group G contains a sharply t-transitive set if and only if in its induced
action on Ω(t), G contains a sharply 1-transitive set.
Let G be a permutation group on the set Ω = {ω1, . . . , ωn} and for
g ∈ G, denote by π(g) the corresponding permutation matrix. Let J
denote the n × n all-one matrix. The existence of sharply transitive
sets in G is equivalent to the {0, 1}-solvability of the matrix equation
(1)
∑
g∈G
xgπ(g) = J.
For some permutation groups we are able to show that (1) has no
integer solution, which implies the nonexistence of a sharply transitive
set in the given group.
2. Contradicting subsets
The following simple lemma will be our main tool.
Lemma 1. Let S be a sharply transitive set of permutations on a finite
set Ω. Let B and C be arbitrary subsets of Ω. Then
∑
g∈S|B ∩ C
g| =
|B||C|.
Proof. Count the set of triples (b, c, g), where b ∈ B, c ∈ C, g ∈ S and
cg = b, in two ways: If b, c is given, then there is a unique g by sharp
transitivity. If g is given, then the number of pairs b, c is |B ∩Cg|. 
An immediate consequence is
Lemma 2. Let G be a permutation group on a finite set Ω. Assume
that there are subsets B, C of Ω and a prime p such that p ∤ |B||C|
and p | |B ∩ Cg| for all g ∈ G. Then G contains no sharply transitive
set of permutations.
Remark. It is easy to see that under the assumption of Lemma 2, the
system (1) does not have a solution in the finite field Fp, so in particular
(1) has no integral solution.
We give several applications of these lemmas. First, we show that
in even characteristic, the symplectic group does not contain sharply
transitive sets of permutations.
Theorem 3. Let n,m be positive integers, n ≥ 2, q = 2m. Let G1 =
PSp(2n, q) ⋊ Aut(Fq) and G2 = Sp(2n, q) ⋊ Aut(Fq) be permutation
groups in their natural permutation actions on Ω1 = PG(2n−1, q) and
Ω2 = F
2n
q \ {0}. Then, G1 and G2 do not contain a sharply transitive
set of permutations.
Proof. We deal first with the projective group G1. Let E be an elliptic
quadric whose quadratic equation polarizes to the invariant symplectic
form 〈., .〉 of G1. Let ℓ be a line of PG(2n− 1, q) which is nonsingular
with respect to 〈., .〉. Then for any g ∈ G1, ℓ
g is nonsingular, that is,
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it is not tangent to E . In particular, |E ∩ ℓg| = 0 or 2 for all g ∈ G1.
Furthermore, we have
|E| =
q2n−1 − 1
q − 1
− qn−1, |ℓ| = q + 1,
both odd for n ≥ 2. We apply Lemma 2 with B = E , C = ℓ and p = 2
to obtain the result of the theorem.
In order to show the result for the group G2, we define the subsets
E ′ = ϕ−1(E) and ℓ′ = ϕ−1(ℓ), where ϕ : Ω2 → Ω1 is the natural
surjective map. Then,
|E ′| = (q − 1)|E|, |ℓ′| = (q − 1)|ℓ| and |E ′ ∩ ℓ′| ∈ {0, 2(q − 1)}.
Hence, Lemma 2 can be applied with B = E ′, C = ℓ′ and p = 2. 
It was a long standing open problem wether the Mathieu group M22
contains a sharply transitive set of permutations, cf. [5]. The nega-
tive answer given in the following theorem implies the nonexistence of
sharply 2-transitive sets in the Mathieu group M23.
We will use the Witt design W23. This is a (23, 7, 4)–Steiner system.
The fact which we use here and again in the proof of Theorem 7 is that
any two blocks of W23 intersect in 1, 3, or 7 points.
Theorem 4. In its natural permutation representation of degree 22,
the Mathieu group M22 does not contain a sharply transitive set of
permutations.
Proof. Let Ω′ = {1, . . . , 23}, Ω = {1, . . . , 22} and G = M22 be the
stabilizer of 23 ∈ Ω′. Let B ⊂ Ω be a block of the Witt design W23,
and C = Ω \B. Then, |B| = 7, |C| = 15 and for all g ∈ G, |B ∩Cg| =
0, 4 or 6. Lemma 2 implies the result with p = 2. 
We can apply our method for certain alternating groups, as well.
The following simple result is somewhat surprising because until now,
the symmetric and alternating groups seemed to be out of scope in this
problem.
Theorem 5. If n ≡ 2, 3 (mod 4) then the alternating group An does
not contain a sharply 2-transitive set of permutations.
Proof. Assume n ≡ 2, 3 (mod 4) and let G be the permutation action
of An on the set Ω
(2) with Ω = {1, . . . , n}. A sharply 2-transitive
set of permutations in An corresponds to a sharply transitive set of
permutations in G. Define the subsets
B = {(x, y) | x < y}, C = {(x, y) | x > y}
of Ω(2). By the assumption on n, |B| = |C| = n(n − 1)/2 is odd. For
any permutation g ∈ Sn, we have
|{(x, y) | x < y, xg > yg}| ≡ sgn(g) (mod 2).
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This implies |B ∩Cg| ≡ 0 (mod 2) for all g ∈ An. Thus, we can apply
Lemma 2 to obtain the nonexistence of sharply transitive sets in G and
sharply 2-transitive sets in An. 
Theorems 4 and 5 can be used to prove the nonexistence of sharply
2-transitive sets in the Mathieu group M23.
Corollary 6. In its natural permutation representation of degree 23,
the Mathieu group M23 does not contain a sharply 2-transitive set of
permutations.
As the last application of our contradicting subset method, we deal
with the stabilizer of the sporadic group Co3 in its doubly transitive
action on 276 points. As a corollary, we obtain a purely combinatorial
proof for a theorem by Grundho¨fer and Mu¨ller saying that Co3 has no
sharply 2-transitive set of permutations. Notice that the original proof
used the Atlas of Brauer characters.
Theorem 7. Let G be the group McL : 2 in its primitive permutation
action on 275 points. Then, G does not contain a sharply transitive set
of permutations.
Proof. Identify G with the automorphism group of the McLaughlin
graph Γ, acting on the 275 vertices. We claim that there are subsets B
and C of vertices with |B| = 22, |C| = 56, and |B ∩ Cg| ∈ {0, 3, 6, 12}
for all g ∈ G. The theorem then follows from Lemma 2 with p = 3.
In order to describe B and C, we use the construction of Γ based
on the Witt design W23, see e.g. [1, 11.4.H]. Let B ∪ {q} be the 23
points of W23. Let U be the 77 blocks of W23 which contain q, and
V be the 176 blocks which do not contain q. The vertices of Γ are
the 22 + 76 + 176 = 275 elements from B ∪ U ∪ V . Adjacency ∼ on
Γ is defined as follows: The elements in B are pairwise non–adjacent.
Furthermore, for b ∈ B, u, u′ ∈ U , v, v′ ∈ V define: b ∼ u if b 6∈ u,
b ∼ v if b ∈ v, u ∼ u′ if |u ∩ u′| = 1 (so u ∩ u′ = {q}), v ∼ v′ if
|v ∩ v′| = 1, and u ∼ v if |u ∩ v| = 3.
This construction gives the strongly regular graph Γ with parameters
(275, 112, 30, 56). Pick two vertices i 6= j which are not adjacent, and
let C be the set of vertices which are adjacent to i and j. Then |C| = 56.
For g ∈ G = Aut(Γ), Cg is again the common neighborhood of two
non–adjacent vertices. Thus without loss of generality we may assume
g = 1, so we need to show that |B ∩ C| = 0, 3, 6, or 12. Suppose that
|B ∩ C| > 0. Then there is a vertex x ∈ B ∩ C which is adjacent to
i and j. Therefore i, j 6∈ B. Recall that two distinct blocks of W23
intersect in either 1 or 3 points.
We have to consider three cases: First i, j ∈ U . Then |i∩ j| = 3 and
q ∈ i ∩ j. Furthermore, B ∩ C = B \ (i ∪ j), so |B ∩ C| = 12. Next, if
i, j ∈ V , then |i ∩ j| = 3 and B ∩C = i ∩ j, so |B ∩C| = 3. Finally, if
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i ∈ U , j ∈ V , then |i ∩ j| = 1 and B ∩ C = j \ i, so |B ∩ C| = 6 and
we have covered all cases. 
3. On 2-transitive symmetric designs
As another application of the lemma we reprove [6, Theorem 1.10]
without using character theory. In particular, Lorimer’s and O’Nan’s
results [7] about the nonexistence of sharply 2–transitive sets of per-
mutations in PΓLk(q) (k ≥ 3) hold by simple counting arguments.
Theorem 8. Let G be an automorphism group of a nontrivial symmet-
ric design. Then the stabilizer in G of a point does not contain a subset
which is sharply transitive on the remaining points. In particular, G
does not contain a subset which is sharply 2-transitive on the points of
the design.
Proof. Let v > k > λ be the usual parameters of the design. So the
set Ω′ of points of the design has size v, each block has size k, and
two distinct blocks intersect in λ point. We will use the easy relation
(v − 1)λ = k2 − k (see any book on designs).
Fix ω ∈ Ω′, let Gω be the stabilizer of ω in G, and suppose that
S ⊆ Gω is sharply transitive on the set Ω := Ω
′ \ {ω} of size v − 1. As
each point is contained in k < v blocks, there is a block B with ω /∈ B.
Apply Lemma 1 with C = B, so
∑
g∈S
|B ∩Bg| = |B|2 = k2.
Let a be the number of g ∈ S with B = Bg. In the remaining |S|−a =
v − 1− a cases we have B 6= Bg, hence |B ∩ Bg| = λ.
We obtain ak + (v− 1− a)λ = k2. Recall that (v− 1)λ = k2− k, so
a(k − λ) = k.
Now let B′ be a block with ω ∈ B′. Set B = C = B′ \ {ω}. Then
|B ∩Bg| = k − 1 or λ− 1. Let b be the frequency of the first case. As
above we get b(k − 1) + (v − 1− b)(λ− 1) = (k − 1)2, which simplifies
to
b(k − λ) = v − k.
We obtain:
(k − λ)2 divides k(v − k), and k − λ divides k + (v − k) = v.
On the other hand, the basic relation (v − 1)λ = k2 − k is equivalent
to k(v− k) = (v− 1)(k− λ), so k− λ divides v− 1. Therefore k− λ =
1, hence k = v − 1 and we have the trivial design, contrary to our
assumption. 
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4. Remarks on M24
In the last section, we sketch a computer based proof showing that (1)
has an integer solution for G = M24 in its permutation representation
on Ω(2) with Ω = {1, . . . , 24}. As the tedious proofs of Lemmas 9, 10
and Theorem 11 are not directly related to the main goal of this paper,
we omit them and will give them in a separate paper.
For a subgroup H ≤ G, we consider the following system (2) of linear
equations:
Let Ω1,Ω2, . . . ,Ωr be the orbits of H on Ω × Ω, and T
be a set of representatives for the action of H on G by
conjugation. For i = 1, 2, . . . , r and g ∈ G set
ai(g) = |{(ω1, ω2) ∈ Ωi|ω
g
1 = ω2}|
and consider the system of r linear equations in the vari-
ables xg, g ∈ T :
(2)
∑
g∈T
xgai(g) = |Ωi|, i = 1, 2, . . . , r.
The system (1) is the same as the system (2) with H = 1. Furthermore,
note that ai(g) depends only on the H–class of g, so the system of
equations does not depend on the chosen system T of representatives.
Lemma 9. Let U ≤ V ≤ G be subgroups of G. If (2) has an integral
solution for H = U , then (2) has an integral solution for H = V .
Lemma 10. Let pm > 1 be a power of a prime p, and R = Z/pmZ.
Suppose that (2) has a solution in R for some p′–subgroup H of G.
Then also (1) is solvable over R.
The proof of Lemma 10 only uses that |H| is a unit in R. So if
(2) has a rational solution for some H ≤ G, then (1) has a rational
solution too. So the rational solubility of (1) can be decided by the
rational solubility of (2) for H = G, which gives a very weak condition.
A useful criterion to decide whether (1) has an integral solution is
Theorem 11. The following are equivalent:
(i) The system (1) has an integral solution.
(ii) For each prime divisor p of |G|, the system (2) has an integral
solution for some p′–subgroup H of G.
In order to apply this theorem to the action of G = M24 on Ω
(2), we
first choose a Sylow 2–subgroup H of G. So H is a p′–subgroup of G
for each odd prime p. The number of H–orbits on G is 241871. So the
number of unknowns is reduced by a factor |G|/241871 = 1012.2 . . ..
The number of equations is 603. In order to solve this system, one can
pick about 270 variables at random, and set the remaining ones to 0.
Experiments with the computer algebra system Magma [10] show that
this system usually has an integral solution.
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It remains to take a 2′–subgroup of G. For this we let H be the
normalizer of a Sylow 23–subgroup. Then |H| = 253. This reduces
the number of unknowns from |G| = 244823040 by a factor of about
253 to 967692. Here, picking 520 unknowns at random usually gives
an integral solution.
In both cases, the running time is a few minutes.
There are several modifications of this method. In (1) it suffices to
consider the sum over the fixed-point-free elements and 1, and likewise
in (2) (and the lemmas and the theorem), it suffices to consider 1
together with the H–orbits on fixed-poin-free elements. However, even
under this assumption, (1) still has an integral solution. To do so, one
simply sets x1 = 1 and randomly picks the variables xg for fixed-point-
free elements g from T .
Also, Theorem 11 and Lemma 9 remain true if we replace ‘inte-
gral’ by ‘non-negative integral’. So we are faced with an integer linear
programming problem. Experiments have shown that (2) has a non-
negative integral solution for each of the 29 subgroups H of G = M24
with [G : H ] ≤ 26565.
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